Thermal expansion is an important property to define the end use application, and to model residual stresses and related problems in a composite part. Thus its accurate determination is essential. In laminated composites, this parameter depends largely on the orientation of fibres, fibre fraction, type of resin and reinforcement, etc. In this article, numerical results on the coefficients of thermal expansion (CTE) at different angles in the composite plates (having different stacking sequences of plies) found using finite element analysis are presented. Experimental values of these coefficients for [0/90] are found in satisfactory agreement with the simulations. Finally, a mathematical model is proposed for modelling these coefficients.
Introduction
Polymer reinforced composites have become the premier choice for high-tech industries during the recent past, due to their favourable properties. A significant advantage of such materials is the choice of selection among several polymers and different types of reinforcement (fibre/fabric) to achieve required properties. Such materials undergo matrix cracking, delamination, fibre buckling, warpage, residual deformations [1, 2] due to mismatched coefficients of thermal expansion of constituents, i.e. fibres and matrix [3] . Therefore, the knowledge of thermal expansion and/or contraction is essential to characterize the behaviour and end use application of composite materials [4] . Several authors have studied in-plane thermal coefficients of unidirectional composites [5, 6] . Some of them [7] [8] [9] studied also the effect of orientation of fibres on these coefficients. But only a few authors reported the out of plane coefficients (through the thickness) of laminated composite. In one such study, Rogers et al. [10] reported that out of plane coefficients of cross-ply laminated composites were a little higher than in-plane coefficients. They related this difference to the presence of voids and anomalies of testing instrument. Akkerman [11] reported that the symmetric quasi-isotropic reinforcement had a lower in-plane thermal expansion and a higher in-plane stiffness as compared to out-of-plane thermal expansion and stiffness. He thought that this might be denoted as Poisson' effects. Otherwise, studies on the determination of thermal coefficients in different directions in laminated composite parts are rare.
In the present study, thermal expansion coefficients in different directions within the composite plates ([0 116 ], [0/90] 29S , and [45/ À45] 29S ) were calculated numerically using finite element analysis. Homogenized thermomechanical properties of a composite ply, needed for these calculations, were found from the properties of resin and fibres using a self-consistent model [12] . The values of CTE of cross-ply composite in different directions were also determined experimentally and were compared with numerical results. Finally, a mathematical model, based on the strain matrix is proposed for modelling these coefficients.
The materials and dilatometery instrument used in this work are described in Section 2. The first subsection of results and discussion (Section 3) is on the determination of homogenized properties of composite from the properties of constituents. This is followed by the FEA and experimental results of CTE of composite samples. While in the last subsection an analytical model is presented for the determination of CTE. Finally, a conclusion is given at the end of this article.
Materials and methods
For numerical calculations, laminated carbon/epoxy (M21/ T700 prepreg supplied by Hexcel Composites, dedicated to aeronautics) composite plates (300 mm Â 300 mm Â 40 mm) with stacking sequences [0], [0/90], and [±45] were considered. For all these plates, CTEs were found at angles between 0°and 180°, i.e. 0°, 15°, 30°, etc. in the XY, YZ and XZ plane (see Fig. 1 ). In XYZ plane, CTE was found along a vector making different angles along Z-axis such that its projection had been always a diagonal in the XY plane.
For experimental validation, cross-ply carbon/epoxy laminated plates were fabricated such as the fibre volume fraction was equal to 57%. Each ply was 0.3 mm thick. The polymerization was carried out in an autoclave according to manufacturer provided curing cycle:
Starting from the room temperature, heating up to 180°C at the rate of 3°C/min. Maintaining at 180°C for 2 h, and then cooling to room temperature at the rate of 5°C/min. A pressure of 0.5 MPa was maintained during the curing.
Parallelepiped samples (10 mm Â 10 mm Â 30-40 mm) were cut from the composite plate, in the directions defined by a direction coefficient 0 or 1, according to the axis X, Y and Z as presented in Table 1 . For example, sample (1 0 0) was a parallelepiped cut along length of plate (X-axis). Similarly, sample (0 0 1) was cut along the Z-axis (thickness of plate). Sample (1 1 1) was cut such that it made an angle of 45°(in space) with a diagonal in XY plane.
DI.24 ADAMEL LHOMARGY Ò dilatometer was used to measure thermal expansion of these samples, which were submitted to the following thermal cycle:
1. Heating from room temperature to 200°C at the rate of 2°C/ min. 2. Cooling to 30°C at the rate of 2°C/min. 3. Maintaining at 30°C for 80 min.
This cycle was repeated two times for each sample. For each direction, two samples were tested and the results are averaged to obtain the final result.
Description of the dilatometer

DI.24 ADAMEL LHOMARGY
Ò is a classical dilatometer (Fig. 2 ) used for the thermal expansion measurements of solids. It consists of an oven, an alumina sample support, thermocouples, and LVDT sensors.
Oven consists of a heater based on a silicon carbide resistor, which can heat the sample from room temperature to 1600°C. The oven can be moved on a rail to facilitate the sample placement in it. Alumina support, for placing the samples of dimensions 10-50 mm long in the oven. The cross-section of the sample can be up to 10 mm Â 10 mm. Temperature is recorded with two thermocouples. The first one is located in the alumina support for the measurement of sample temperature, and the second one in the centre of the oven to detect and control the heating temperature. The head consist of a LVDT (linear variable differential transformer) type displacement sensor, and two screws for adjusting the zero length and initial load on the sample.
The sample placed on an alumina support was held with a pressing bar. This bar could be positioned with two screws to adjust zero strain and initial load on the sample (1 mm in our case), while checking these values in the interface of Labview Ò software. This bar is linked to the LVDT sensor. The length variations during the heating/cooling are recorded and sent to the acquisition system. The output data contains time, elongation of the sample, and temperature. The slope of the elongation versus temperature graph when divided by initial thickness provides the coefficient of thermal expansion. The accuracy of CTE measured by this instrument is equal to ±0.1 Â 10 À6 K
À1
.
Results and discussion
Determination of homogenized properties of a composite ply
In order to find homogenized properties of composite plate, a self-consistent model based on the mathematical formalism proposed by Kröner [13] and Eshelby [14] is used. A composite ply is assumed as an infinite medium in which ellipsoidal inclusions (fibres) are embedded.
Illustration of directions in XY (a) and XYZ (b) planes of composite plate at which CTEs were determined. The properties of this medium are found by applying a homogenization technique on the fibres and matrix. The material is investigated at two different scales (fibre and composite) for the needs of micromechanical modelling. The properties of the ply at the macroscopic level, denoted using superscript 'I' are calculated from the properties of fibres and matrix (microscopic level) denoted by 'f' and 'm' respectively [15] . The microscopic and macroscopic residual stress generated in the ply due to the temperature change can be found using the thermo-elastic constitutive equation:
The residual stress and strain are related by the scale transition relation (2) presented by Eshelby:
Here 'r' stands for fibre (f) or matrix (m). R I is the reaction tensor and its value can be found by the expression:
E is the Morris tensor which expresses the dependence of reaction tensor on morphology of constituents. Macroscopic stress and strain and the microscopic stresses and strains of constituents can be related using the (Eq. (4)) reported by Hill [16] :
The self-consistent model allows the determination of macroscopic elasticity tensor, and coefficients of thermal expansion of ply from the mechanical, and thermal properties of the constituents. The relation (5) gives the classical expression of rigidity:
C I was determined by (5) using iterative method. Assuming, the same temperature at both scales, i.e. DT r = DT I , the self-consistent model provides the tensor of the homogenized coefficient of thermal expansion of the ply (6):
For the cured glassy resin following properties from literature [17] . Whereas, the properties of fibres are given in Table 2 .
Effective properties of a cured composite ply (0°) found from the properties of cured resin, and fibres using self-consistent model are given in Table 3 . These were further used to determine the properties of plies according to their orientations, and then used as an input to FE code .
Finite element analysis results
A static FE analysis was carried out in structural mechanics module of software COMSOL Ò Multiphysics. Several layers (plies) were stacked over each other to get required sample length (about 35 mm). Properties of each ply (calculated using self-consistent model) were determined according to its orientation and were fed into the software. It was assumed that temperature of sample at the beginning of the test was uniform and was equal to room temperature (T ref = 20°C). The body was supposed under no mechanical stress. The sample was constrained at only two nodes to prevent the model to twist. Thermal strain along the sample length was calculated for a heating of DT = 100°C above room temperature considering that the sample is purely elastic. This strain was uniform throughout the sample body. From this result CTE was calculated. A little variation of strain was observed near the edges along the length of [0/90] and [±45], which was assumed because of interaction between plies of different orientations.
CTE Variation in XY plane for different stacking sequences
Since the fibers have lower CTE compares to CTE of resin, they hinder the thermal expansion of resin on heating. This hindrance depends on the type of fibres and their orientation in composite part. In Fig. 3 , schematic views of different stacking sequences are presented for better understanding. Young's modulus in a certain direction can also be used as an indicator of hinderance of fibres to thermal expansion in that direction. Higher is the Young's modulus, lower will be the thermal expansion. Young's modulus of [0] stacking sequence composite is highest along X-axis (along fibre's length) and lowest along Y-axis (perpendicular to fibre's length). Therefore, CTE 1 should have a minimum, and CTE 2 a maximum value. FE analysis provides such expected results, as shown in Fig. 4a .
From the FE calculation, CTE 1 (at angle 0°with X-axis) was found equal to 0.218 Â 10 À6 K
À1
, which increased with respect to angle with X-axis, and became maximum along Y-axis
The values of both CTE 1 and CTE 2 of [0/90] (Fig. 4b) are minimum, since Young's modulus along X and Y-axis is maximum in this stacking system. Moving from 0°to 45°, CTE increased and became maximal at 45°with X-axis, since Young's modulus is minimal in this direction (see Fig. 4b ).
Due to the orientation of fibres, Young's modulus along both X and Y axis is minimum in [±45] stacking sequence. Therefore, value of CTE 1 and CTE 2 are maximum (Fig. 4b) . For this stacking sequence, value of CTE is minimal at 45°because the fibers are parallel to this direction (Young's modulus is the highest).
It 
CTE Variation in XZ plane for different stacking sequences
Fig . 5 shows the variation of CTE in the XZ plane versus angle with the X-axis. CTE for all the stacking sequences is minimal along X-axis. It increased with increase in angle and became maximal along Z-axis (CTE 3 ). It is observed that for [0] stacking sequence plate, CTE 2 = CTE 3 = 40 Â 10 À6 K
À1
, which is in agreement with the literature. As per our understanding, value of CTE 3 depends on the values of CTE in XY plane. If resin is more constrained in XY plane by fibres, it will try to expand along Z-axis, since no fibrous binding is present among the plies in this direction. By FE calculations, the values of CTE 3 of [0/90], [±45] is found higher than [0]. This can be explained considering the above mentioned hypothesis.
CTE Variation in XYZ plane for different stacking sequences
In 3D, we studied the CTE of samples (in XYZ plane, see Fig. 1b ) that make a variable angle with its projection in XY plane such that the projection of this sample in XY plane is always diagonal. The variation of CTE of such samples is more difficult to explain due to complex orientation of fibres.
In It can be noted that for all stacking sequences, CTEs has a minimum value at h = 0°(along the diagonal in XY plane). This seems logical because fibres are laid down in the XY plane and they resist the expansion of material on heating. For [0/90] and [±45], with an increase in angle, CTE increases too and become maximum at h = 90°(along Z-axis).
Experimental results
For experimental validation of numerical results, [0/90] composite plate was selected as it is classically studied in academics. In Fig. 7 , strain (De/e 0 ) responses of composite samples (0,0,1) and (1,1,1) during the heating ramps are plotted versus temperature. If e is the length after heating for temperature DT, and e 0 is Table 3 Effective properties of a cured (glassy) carbon/epoxy ply. A change in the slope of strain-temperature graphs can be observed on reaching the temperature zone (170-180°C) as shown in Fig. 7 . This change occurs in the zone of glass transition of composite sample (Tg = 180.6°C found by DSC for fully cured sample). Therefore, it can be concluded that the change in slope is due to glass transition of composite from glassy to rubbery state. It can also be observed that slope of graph of sample (0 0 1) is higher than the slope of sample (1 1 1), both below and above Tg, respectively. It means that CTE of sample (0 0 1) has a higher value than the CTE of sample (1 1 1) . Similar behaviour can be observed for CTEs above Tg. mathematical model based on above approach may be suitable for such estimations. The model can be improved by considering the other thermophysical phenomena such as Tg.
Conclusion
In the present study, the effect of fibre orientation on thermal expansion of carbon/epoxy laminated composite plates is studied. It is found that CTE varies in XY and XZ planes with respect to angle with the X-axis.
For [0] composite, variation of CTE with angle is equal in XY and YZ planes such that at a given angle CTE 2 = CTE 3 . For other sequences values of CTE in XZ plane are higher as compared to CTE in XY plane. For all stacking sequences other than [0], value of CTE 3 is greater than the value of CTE in any other direction. The results of FE simulations are confirmed by experimental determination of CTE of [0/90] composite.
As expected, it was observed experimentally that Tg has a significant effect on CTE of composite. A mathematical model, based on the strain matrix is proposed for modelling these coefficients. However, more experiments at different orientations are required to improve this model.
